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SUMMARY 
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The object of this thesis is threefold: 

1. To determine experimentally the stress dis- 
tribution at the boundary of an ovaloid hole in 
webs of different depths subjected to various 
ratios of shear to bending stress, 

2. To determine hov closely the stress distribu- 
tion for the above conditions predicted by the 
Heller and secondary bending formulae (see Ap- 
pendix M A # ) agree with the obeerved distribution, 

3. To devise a simple expression for the deter- 
mination of the maximum stress at the ovaloid 
boundary for use in structural design. 

The experimental results were obtained by photoelastio 
analysis. Figures II-XXVIII indicate the observed stress 
distribution at the boundary of an ovaloid of aspect ratio 
2.0 in webs of different depths subjected to various ratios 
of shear to bending stress. These figures further evinoe 
that good agreement exists between Heller* s predioted stress 
and the observed values for all ratios of shear to bending 
stress and hole-web depth ratios less than about .26. At 
hole-web depth ratios greater than about .30 it is indi- 
cated that the stress predicted by the secondary bending 
theory exceeds the observed values. 
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Figures XXIX-XXXIII depict the maximum observed and 
predicted values of stress at the hole boundary for vari- 
ous ratios of hole-web depth and shear-bending stress ra- 
tios. It may be assumed that conservative structural de- 
sign will result by the use of the secondary bending theory 
for hole-veb depth ratios greater than about .30 and Heller's 
equation for ratios less than about .26. 

The following formulae (see Nomenclature, Appendix M C") 
are suggested for rapid determination of the maximum stress 
at the ovaloid boundary: 

When the hole-web depth ratio is less than about .26 
and the value of the shear-bending stress ratio greater 
than about .10: 



When the hole-web depth ratio is lees than about .25 
and the value of the shear-bending stress ratio less than 
about . 10 : 



When the hole-veb depth ratio is greater than about .30 
and the shear-bending stress ratio greater than about .10 



bending stress formula. when the shear-bending stress ra- 

*The experimental and theoretical results of Heller (Hef.No.6) 
Indicate that the max. stress concentration for pure bending ( Tr / cr =* 0 
should be about 1.30; hence this value is used in light of the 
random variation of the extrapolated values at t/<t 05 0 in Figs. 





a value of should be substituted in the secondary 



XXIX-XXXIII. 
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tio le less than about .10 it Is known only that ** in- 
creases with the shear-bending stress ratio between values 
of something more than zero and less than 
Summarizing, it is concluded that: 

1. Heller^ solution for the stress at the boundary 
of an ovaloid of aspect ratio 2.0 in a web submit- 
ted to combined bending and shear is in good agree- 
ment with the observed values for hole-web depth ra- 
tios leas than about .25. 

2. The secondary bending theory appears to be con- 
servative, at least as far as these experiments show, 
for those oases where the hole-web depth ratio is 
greater than about .30. 

3. Actual values of maximum stress at the hole bound- 
ary are amenable to mathematical description. 

The following recommendations are indicated by this 

thesis : 

1. Further experimental Investigations for hole-web 
depth ratios greater than .333. 

2. Investigation of the stress distribution at the 
web edges in way of the hole. This may be accomplished with 
the photographs of model lsochromatios included In the Origi- 
nal Data of this thesis (Appendix E). Results oould be com- 
pared with secondary bending theory predictions. 

3. Further experimental Investigations of ovaloids of 
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« 

aspect ratio other than 2.0 — particularly, 1.5. A val- 
uable simplified expression for the prediction of maximum 
stress at the hole and web boundaries oould thus be de- 
duced including all three variable parameters : hole-veb 

depth ratio, shear-bending stress ratio, and aspect ratio. 



See p. 15, Ref. (6) 
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INTRODUCTION 

Ovaloid holes are frequently out in structural webs 
for the purpose of reducing redundant weight or passing 
various piping, ventilation, electrio&l, or even aocese 
systems. It is desirable that the stresses be known at 
the boundary of these ovaloida if the structure is to in- 
corporate the desired optimum safety factor. 

Kirsoh^ and Tuzi^ 1 ^ have investigated the effeot 
on web stress distribution of ovaloida of aspeot ratio 1.0 
(circles) for hole-web depth ratios of zero in a uniform 
tension field and in pure bending, respectively; Howland 
and Otevenson^ u ^ performed these investigations for hole- 
web depth ratios greater than zero and introduced an analy- 
sis for combined bending and shear. Durelli and Murray 
have modified Kirsch^ equations for two-dimensional stress 
systems and experimentally verified them. Neuber, 

Inglia ^ and wolf^ 1? ^ have analyzed the stress distribu- 
tion due to ellipses in weba in pure bending, a uniform ten- 
sion field and combined shear and bending, respectively; 

Durelli and Murray have extended and experimentally veri- 
fied the first two cases. Greenspan^ 1 ^ and Joseph and Brook ^ 
have performed analyses for the ovaloid in a web subjeoted to 
a uniform tension field and pure bending, respectively; 

Heller, Karl and Gerioh^ have experimentally examined the 



♦Numbers in brackets refer to Appendix F (Bibliography). 
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latter solution. Montgomery has investigated the applica- 
bility of the secondary bending analysis to an ovalold of 
aspect ratio £0&nd hole-web depth ratio/subjeoted to com- 
bined bending and shear with and without reinforcement. 

Heller has analysed the stress distribution at the boundary 
of ovaloids (both major and minor axes vertical) and squares 
in webs of finite depth subjected to combined bending and 
shear (see Appendix A-I). This thesis will investigate 
by photoelastio methods the stress distribution at the bound- 
ary of an ovalold of aspect ratio 2.0 in webs of various 
depths subjected to combined bending and shear and simulta- 
neously seek to verify the applicability of the secondary 
bending theory (commonly used in practice) and Keller 1 e solu- 
tion. 
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procedure 



The model and a tensile test specimen were prepared 
from a single sheet of one -quarter- Inch Qatalln 61-893. 
Aocepted details of procedure for the preparation of pho- 
toelastlc models as outlined by Frooht and Murray were ob- 
served; accordingly edge and surface irregularities and ma- 
chining stresses were minimized. 

The material fringe constant was determined by a se- 
ries of runs performed on the tensile teat specimen. (See 
Fig. XXXIV-B. ) Equipment for the support of and applica- 
tion of loadings to the model was built and arranged as 
shown in Fig. I. With this equipment it was theoretically 
possible to subject the model to ratios of shear to bending 
moment varying from zero to infinity. Actually, ratios be- 
tween 0 and 1 were used, since accuracy falls off rapidly at 
higher ratios. 

Five groups of runs were performed for values of hole- 
web ratios from 0.100 to 0.333; these variations were accom- 
plished by successive reductions of the web height - hole 
size was maintained constant. Particular attention wae de- 
voted during maohining to minimize any eccentricity of the 
hole in relation to the web edges. An aspect ratio of the 
ovaloid of 2.0 was selected as representative of current 
structural practice. The ovaloid was located at a point 
in the web sufficiently well removed (in accordance with 
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3t. Venant's Principle) from any points of load applica- 
tion or support to preclude extraneous stress distortion 
at the hole. 

In order to obtain a greater degree of accuracy in the 
determination of fringe order magnitudes at the hole bound- 
ary in the subsequent stress distribution analysis, load- 
ings were maximized during the variation of shear to bending 
stress ratio to obtain the largest possible number of fringe 
orders, care being taken not to exoeed the yield point of the 
material (about fifteen fringes) at any point in the model 
(generally at the web edge fillets). Care was taken during 
the application of loads to prevent a torsional or lateral 
bending of the model due to lateral load eccentricities. The 
small ball-bearing pulley used in conjunction with the upward 
loading of the model possessed a frictional restraint that 
was a negligible percentage of the load applied. The weight 
and moment of the web extension arm were taken into account. 
The polarisoope and camera of the photoelasticity laboratory 
of the Department of Mechanical Engineering were used with a 
mercury vapor light source and Wr&tten filters #77 A and #58 

o 

giving a light wave length of 5641 A. 

Each group of runs at constant hole-web depth ratio in- 
cluded a no-load photograph and five or six photographs of 
the web isochromatics at various values of shear-bending 
stress ratios. The analyzers were positioned for a dark 




FIGURE I 



TEST SET-UP 



field. The time edge effect at the web edges was mini- 
mized by conducting the runs soon after machining - but al 
lowing time enough for machining stresses to dissipate. 

Two annealings were necessary (prior to the runs for b/o 
of .125 and .250) to minimize the time-edge effeot at the 
hole boundary. 
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11 



The stress distributions at the boundary of a given 
ovaloid hole of aspect ratio 2.0 in a web of varying depth 
subjected to various ratios of shear to bending stress are 
presented in Figures II-XXVIII. The ordinates are in di- 
mensionless form . (Refer to Table I of Appendix C. ) 

Uo 

Three distributions are included in each plot: observed 

Btress' and stress predicted by the secondary beiiding theory 
and Heller’s analysis. The Variation in the shear to bend- 
ing stress ratio ( ) is plotted at the top of each fig- 

ure. 

The maximum stress at the boundary of the same given 
ovaloid at various web depths for varying values of shear to 
bending stress as obtained from Figures II-XXVIII are de- 
pleted in Figures XXIX-XXXIII. Observed and predicted val- 
ues are inoluded. 
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Heller* s predicted stress at the boundary of an ova- 
lold of aspect ratio 2.0 agrees remarkably well with the 
observed stress for ratios of hole-web depth from .100 to 
.333 and ratios of shear to bending stress ranging from 
zero to about 1.0. Henoe, it le indicated that Heller , s 
stated maximum limit of b/o of .20 is conservative. 

For hole-web depth ratios less than about .250 the 
Heller maximum stress is greater than the observed maximum - 
and conversely for ratios greater than .250. The position 
of maximum stress shifts from the center of the hole (.500) 
towards the ends - approaching approximately .850 for shear 
to bending stress ratios greater than about .15; agreement 
between observed and predicted position is very good. 

The secondary bending theory predicts stresses generally 
far less than the observed for hole-web depth ratios less 
than about .30. Fairly good agreement is noted for a hole- 
web depth ratio of .333. It Is indicated that this theory 
will give maximum stresses in exoess of the observed for 
hole-web depth ratios greater than about .30 and, if applied 
to structural desigh, will incorporate rather large inherent 
faotors of safety. It is further indicated that the over- 
all stress pattern about the hole is still best described by 
the Heller analysis. 
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Curves of observed maximum stress & t various values of 
shear to bending stress ratios are easily derived noting 
that the function is essentially linear for values of 
greater than about .10 and exponential for ratios less than 
about .10. hoting the relatively large dl a agreement be- 
tween the observed a tress and the curve described by the 
simplified expression for this stress for b/o » .167 and 
the relation between the curves of observed stress for other 
values of hole-web ratio, suggests that the observed values 
of stress for b/c * .167 are a little low. 

Any eouroes of Inaccuracy in the experimental determina- 
tion of the stress distribution at the hole boundary may be 
sucmiarlfced ac follows: 

1. The presence of a dark ring visible in certain ieo- 
ohromatie photographs will tend to obscure the actual 
position of fringe intersections with the boundary and 
to alter the accuracy of the extrapolated fringe values 
at the boundary. 

2. Machining limitations will affect ov&loid aspeot ra- 
tio, boundary iroperfeotions and eccentricity (in rela- 
tion to web edges). 

5. Any lack of symmetry in the residual stress and the 
hole boundary will result In inaocurate fringe order de- 
terminations. 



4. Any variation from the measured weight* of load- 
ing or dimensions between loads and hole; also, any 
eocentric application of loading. 
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1. Heller* a solution for the 8 tree 8 at the boundary 
of an ovaloid of aspect ratio 2.0 In & web sub- 
mitted to combined bending and shear le In good 
agreement with the observed values for hole-web 
depth ratios less than .250. 

2. The eeoondary bending theory may be conservatively 
applied in structural design to those cases where 
the hole-depth ratio la greater than .333. 

3. The maximum stress at the hole boundary for vari- 
able parameters of hole-web and shear-bending 
stress ratios is amenable to mathematical descrip- 
tion. 
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1. Further experimental investigations for hole-web 
depth ratios greater than .355, 

2. Investigation of the stress distribution at the 
web edges in way of the hole. This may be ac- 
complished with the photographs of iaochroaatios 
included in Appendix E of this thesis. Results 
could be compared with secondary bending theory 
predictions. 

3. Further experimental investigations of ovaloids of 
other than aspect ratio 2.0 - particularly 1.5. 

A simplified' expression or nomograph for maximum 
stress could be derived including all three vari- 
able parameters: hole-web depth ratios, shear- 
bending stress ratios, and aspect ratio. 
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SUPPLEMENTARY INTRODUCTION 



I 

The Stresses Around a Small Opening In a Beam Sub- 
jected to Bending vith Shear. (Heller^ Analysis.) 



II 

Introduction to the Secondary Bending Theory. 



THE 3TfihS.ii&i AROUND A S' Mi. GPShX&O IK A £ 0AM 



SUW -:crSD TO Bil.Dlii'x .IIH iiHEAR 

fry 

S. a. hell or, j A, Cambridge, Kass. 

This paper contains an exact closed solution for the stress 
distribution around a small opening; in the web of a beam sub- 
jected to bending with sho^r* The complex variable method of 
solution for plane stress problems (huschellsvili) is used. It 
is applied tc tho can© of a General ovaloid opening (areonspan). 
Curves snowing f .he tangential stresses around the boundary are 
given for several common op^nin^a found in engineering struc- 
tures (Joseph and brock). Maximum stress concentration factors 
obtained ?rc oonpar^d with those for similar openings subjected 
to tension, shear, and pure bending, as well as for similar 
cases of simpler geometry. The of foot of small eccentricities 
in location is included. 

Komsr.ciature 

The following nomenclature is us 3d in this -aoor: 

(x,y) c Cartesian co-ordinates 

(u t /5) s Orthogonal curvil inoar co-ordinates in general, and 
ovaloid co-ordinates in particular 

z • x t iy 

w * <* + i £ 

? * e* 

A ® 

J - Stretch ratio 

“)L a Angle in a -piano between tangent to curve, 0 x con- 
stant, and x-axls 

^ * Unit circle 

1 Student off leg, U.S.N.T.S.- m.i.t 



e, t, r s heal parameters 

$ * Potential 'unctions of complex variable z 
^ 4* = Potential functions of complex variable ? 
F = Airy stress function 



°X’ CTy 

t&B 

A n # B n 

b n 

P 



formal stresses; is normol to surface for which 
x * constant, etc. 

SK«or stresses 

Complex constants 



Applied Load 



L * Distance ox" applied load frora center of hole 
y Q - Ualf- height of opening 

= s - t + r 

e - accents icily of Center of opening 



I ■ Foment of inertia of beam 
f~* - bhonr pa rioter; 

* i ,v l ange area (gross), tot"~< area, wbb area (gross) 
res) actively 



h * Half-hoi ;;ht of bean 

— a bar above, indicates complex conjugate 
Introduction 



The purpose of tills parer is to obtain an exact solution for 
the stress distribution at the boundary and in the neighborhood 
of an ovnloid opening in the web of a bean subjected to bending 
with sheer, Fig. 1. 

The bean is considered to be very long in the x-directlon 
(praotioally infinite) and large (compared to the height of the 
opening; i. e. , y 0 < G«2h) 2 but finite extent in the y- direction. 



2 Cf. Flf-ss. 6 and 7, po. 216-217, 15] 



*o C8ntor of the 0l>J “ ia - ic on the neutral axis; but, this is no 
limitation, The effect of eccentricity can bo obtain© by super- 
position of known solutions for uniform tension or compression [l] 
and pure bendin S [f] plus an additional effect of shear which is 
included in the appendix tc the solution considered here. The 
opening treated is called an ovaioid, and may be made to represent 

closely several common openings which occur In engineering struc- 
tureB. 

The method of solution used is that, known as the complex-varl 
able method, associated with the name of a. I. Muschellsvili. For 
a detailed treatment, sec Sokolnikoff { 3 }. For an outline of the 
application o ' h t -..thod see Joseph and rock fc] or HorJcovin fo] . 

fne pro ole o heading ’ith shear has been solved using Airy 
stress junctions for :. iC circle by ho-a-id and Stevenson [ 5 ] and 
for the eliipjo '-y \cai>jr [6^ . 



•iuia x/iicj louowins relat 

5) * ZA n z n ,?a n e" n 7 

s) ” Z + Z hji r ” n J 



( 1 ) 



lone ml ovaioxd opening in a 1 earn Subjects?. to Fending with Shear 
'■’ron [2l the following relations are obtained! 

$(*) 

$(zj 

' r x-‘°'y = sC§'(z) + |'(z)] - A R'sC$'(z)] 

^7 ~ °~x + 21 t K ! ~ 2 $*( ®) ■*■$'( z)J 

F (x#y) - Its lz§(z)+ _/5( z)dz] 

; Ok + <*b 



°x'*" <3 y 



«*-«*■«■ 21 T v „ = ( <r. 



r 0 -<t-» 2iT*)e~ 2i '*-}’ 



( 2 ) 

( 3 ) 



y -X-r — 

Kron w and W > tho boundary equation for a free boundary 



3 



The numcora In bneketo refer to references in Bibliography 



is obtained; 



f < A) + l\h) } • 4 >’U/X ) + f (l/A ) * o 



(4) 



from fl] and [4] the mapping function for the general ovaloid 
Is obtained: 



s - bc. + t , r 



(5) 



Then, as is shewn in Cal * 

r -t- 9r^ - Pt(o ** 3r) cos ?.j3 - 6rs cos (6) 

At distances remote from the omening ( |xl>4h), the stress 
distribution corresponding *-0 fig. 1 is: 

^x • £&Ll^-.x). 1 • a Y s 0 * Txy -'CP+ |Z 2 ' (7) 

where: T 3 r - y 
* A* 



P * 




h g Av . P f/f.t. 4 

m r - Af/A t 



tf,t v « Flange thickness, we! thickness respectively 
The boundary conditions, liquations (7)> are equivalent to 
a "Pure bending 1 ” Components s Pj.y ; » 0 ; = 0 (7&) 

and. '"l; ending with Shear "s <r x ; - Pxv } <r y s 0 ; r xy = -Tr + |y £ (7M 



The solution ior mure 5 ~ ending will be used later. For the 

present, the solution for boundary condition, Equation (7b) # will be 
sought. 



The aubotit.-'tion oi "qua t ions 



Equations (2), :'cr lar;e v ;.lu- 



b • 4$ ; 3 i 



- ITT 



(1) and ( Jo) into Uie first two of 
3C. of x, yiol&o: 



; 3 ^ 



X* 

rsr 



(3) 



This is based on approximate theory' that the web of an I-boam 

takes most of the stearin force and that the shearing stresses ar 
Constant across the web thickness. C f. p^oSj C7J. 



Which are valid for any opening regardless of shape. 

hen Equations (l) wit,: values froa Kqu?. tioua ( - ) and Equations 
(2) as nio&ix'iod by the co-ordinato transformation ecuatione (3) and 
the wappin^ function (3) arc substituted in th' houndary equation (4), 
it becomes: 

f ( A ) - (sA*t + r\ [“ ip(a f tA+ r A3) g »g nir, ~\ + 

> ^ C n • { e f tx*r X -5) n+ •'•J 



irr(s + tA +rA 3 ) + UP (s + tA+ r A 3 ) 3 -*- 



m a 



(b^ ^ t A+r A 3 ) n 



2 0 (9) 



liul tiplying by d A , lnt.. ruti.ns around y with tho aid of 

? ttT( a - <n 

tho Cauchy Into r»]. iheoivaB, *e 

5 * + 3b tij ) -v ip. ip . (6 ret ■*■ 3a<?t - Ps3) 

?• I 31 "rf 5 4l — e "j — - — t + 



■4 H' ( 3^ + -» rt 3 -*- 2e r ;< - ? B --t - otria/p] . ra- 

O X r? l u -y — ~~ 



^ 8 



( 10 ) 



Multiplying by ^dA anr ’ integrating r round f $ we yet: 

2 m v A - ^ ) 

• f ^ (? ) -v IP . (s3^ “ + gs^t £ +3s~r+33L^)+ li> , rs + 

SI ^ 

•*•£?»• (grot-»3s% - PB 3 ) aj_ = 0 (11) 

41 9 • 6 

Fro z. & . ua tionc ( 1 0 ) me. ( II ) : 

a-t - ira 2 . ( 9 t r + rtO - 2s ? t - a^r - Sttis/p) (12) 

i r v 4 s) 



and 



( 9 ) = IPs Yn 2 ^ 3 + 3atrf 3(s3 - 2s g t + 3flr 2 * °st^ 2rt 2 - Gtp Is/p) + 

2TI L fr V 3)^ 



. 6rt+3at - ?8 2 ^. 3ra.l (13) 

* —^3 4- ^>j 

The substitution of Equation (13) into the first of Equations (2) 
as modified by Equations (3) and the first of Equations (3) yields: 



( _ = - P^ ^rs : > - 4at~ - I5sr 2 - '5rt 2 + 

^ x0 “§IJgt L 

g + Jr ( s3 - ?s 2 t -v rflt"+3sr ? -* 2rt :> - 3 Tria/p)} sin 2/5 - 
s -*• r 

- 2s(s - Jt + rt)sin 4/5 > 2s 2 r sin (14) 

Repeating the proocsa which led to equation (13) by using tho 
con jugate of equation (4), ve got: 
t (? ) * + ^ + 3*^ t 3 -+ 3ro^ 5 - 

- s ♦ Tg? + v9 j ^ (3s p t; 5 •+ 3ot - 3Ai; - ^ - l|gsjj (15) 

where: A * s 3 2 a ~t + -t- 2rt- ■» BtTls/p 

r + a 

■and 3 = 6 rt + 3 r >t - ^s f: 

The insertion ol Equation o (13) and (1:>; into the last of Equations (2) 
giveo: 

F( <*,/*) « 7 a* rgi( °< Join 2/S+ g 0 ( <* Jain •' £ + g 3 ( « ) sin 6&] 

25! 1 

where: gi(o< ) = -S'V 0 '-. o^ 0 * (3«^ + ~5*>' - 3A~* 9r‘ ■+■ ft - 3ir ) ♦* 
*2 ss 

t 3(A - t- J ) + e" 2 * (-Q° -V 3t ? - 3A - 13r 2 + 2M - 2t) + 

*? > S3 

+ e-^ Ct -2Ar)«. 3rV 8 * 
a o 

g 2 (oc) = (3st •+ Srt - 2) - sto ? “ + o“ ?< * (B - 3rt) + 

. o" 4 * (at. - 6rt - 3B) + 3rto" 0 “ 

(r^(oC ) = -rs(l - 3®-^* + 2o' j0< ) U°) 

equations (14) and (16) a roe with {5} for tho circle (r * t ■ 0) 
and with to] for the ellipse (r = 0) for the rectangular strip (T- 1.5). 

Uo now define an additional criterion, the shear stress to 
bending stress ratio, ( T ), wherein: 

X Is the average shear stress at the location of tho opening If 



there were no opening; 



cr is t 10 no 'ino. 



o.i inti: stress at tne extrerao fibers at the 
location of tho oconln.j 1? there '* ore no opening 



Thus: T 




end cr- !T r h 

” l 



And; 2 = I 

or ?hH v «. ( 17 ) 

Wo taka as reference- Gtreoa the nominal bending stroas at 
the edge of thi opening if th:-ve wore no ooonin^: 



Then, noting that J, >> a, t, r, equation (if) bccori 3 S: 

13J».^0 ; M o -*• ;.r? p . h . r sin 2/3 (l^a) 

ILZo * J o - 0 ^ l ' r -Vo «■ 

I 0 

We now ouperpoee bqua »lou (l- o) on equation (?7) of } which 

Gives the stress U.'frT o tj oa for Lie condition of fi . 1: 

( Qfc )e [«n „ r (cr + rt rpt - brs - ft- - Prt?-*- at - l£r~) sin0+ 

i^Zo To-b L 

+ " sy 0 ( .9 4jr) p f t sin r /3 - ( rt - at -t o" ) sin P/S 

* r y 0 °* 

-wo cl /S] for 0<.jr o < O.r. (I-) 



Equation (!•’:} yiv>eo the hTwot of c:. >ar. If we «.o / take as 

reference stress, !.i i • ahvax ctrosn, pq.-.ation (Id ) now bocomos: 

( < % )J . n = - cf ht» { [ * fat - df r - lbr^ - 6rt" + (c + ^r )(s p - 

P * x/r a s * r 

fht ^ 

- ret * & ♦ 3r*‘ + ?rt * - . ^ri/p)Joln 20 - 

s 

- f'(e - 3t + rt) sin f £ + fra cin 6/5^ (14b) 

^ 4a* p c -+- 5r)oin f /6 
TgTc~ _ rr^ 

for the us al v.luc3 of s, t, a: d l (ace Numerical Casco) the 
shear off set dominates equation (1 ) when x > 0. ?• 

O 



In fact when 






the. shear stress - conflin' serosa r^tlo exceeds 0.3 the oint of 
maximum stress coincides with that £ivon by Equation (l^a); 

12 rs oob^ 20 - (s 2 -*■ t 3 + 9 r 2 - lire)coa 20 + ( 2 ot - 6 rt) = 0 (19) 
The roots of Squat. ion (19) ^7 bo extracted by means of a nomographic 
chart similar to ? i£. 3# T 3 • Furthermore, with the exception of 
Case 4 ("Square" with diagonal vortical), the maximum stress so 
dctenain&d from Equation (1-a) approaches th^t dot^mdned by Equation 
(13) asymptotically and at t r 0.3 io i n error by only 4%. 

<T 



Numeric *il Cas e 

Follow ins [lj cj:u C?] » w - obtain the tangential stresses, <T^, 
along the inner boundary,**- 0, for four simple cases, f° r r=l 5. 

Case I ( f-'ias* 3 & ’’ } . cv-loid hole, major axis horizontal, for which 
s - 1 . 5 b 6 , t - 0.4?,., r - - 0.979# | 0 = 0 . 1 . 

CT ti = 4 .pQb iiln<3 ^2JL *1 T / crcln P6 - 2.392 sin 36- C.193 sin 53 
P^Y n* “ 2 .W 0 - l.)TJ coa~2£+157Fj>2 oou "5£ 




= I3o3o sin 2 6 * 0. 123 sin 46 + 0. 009 sin 06 
rTSoo - iW-o co*rT3^07?T? cos Tjs 




+ 0*7'32 COS 4£ 
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INTRODUCTION TO THS 3&C0NDAKI BgKDlMQ THEORY 
The secondary bending theory Is based on the oonoept that 
the portions of the web above and below the hole can be treat- 
ed as oan tile vers subjected to an end loading. The sum of the 
two end loadings is assumed equal to the total shear in the web. 
Assuming the same deflection at the ends of the two cantilevers, 
it is apparent that each loading is proportional to the moment 
of inertia of that cantilever - or, more simply, its depth cubed 
thus for a hole symmetrical about the web’s longitudinal axis, 
the loadings are equal and one-half of the total web shear. 

The secondary bending stress in tile "oantilever M is determined 
by the usual bending stress formula. This stress is superposed 
upon the bending stress calculated by the same formula for the 
web without the hole at any given point. The theory may be ex- 
pressed by the formulae given below. Nomenclature is Indi- 
cated in the aooompanylng sketoh. 
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DETAILS OP PROCEDURE 

1. Details and dimensions of the model, tensile test 

specimen and test equipment are deploted in Fig- 
ure XXX IV- A. Critical dimensions were machined 

in all cases to within .001*. 

2. Defender Process Ortho 4x6 film was submitted to 
about one-minute exposures in obtaining the photo- 
graphs of model isochromatics. The use of this 
film permitted -visual observation during develop- 
ing - hence insuring optimum reproduction of frin- 
ges. Dupont #3 velour blacX glossy photographic 
paper was found to afford maximum fringe olarity 
upon printing. 

3. The model was annealed in the Photoelaeticity Labo- 
ratory annealing oven. An oil bath was used. Tem- 
perature was raised to 220°F. in approximately two 
and one-half hours and maintained constant for 
about the earne length of time. Cooling to room 
temperature was accomplished in the closed oven in 
about 12 hours. The annealings were moderately ef- 
fective in removing the small values of tine-edge 
effect enoountered. The model was immersed in an 
oil bath when not being subjected to machining or 
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experimentation in accordance with the theory 
that such procedure may decrease the polymerisa- 
tion of the material, 

4. A 3/4 n high-speed steel end mill was used for the 
machining of web edges on the material. 

5. The initial step in the photoelaetic analysis was 
to determine the residual stress in the model for 
each group of runs. It was possible to ascertain 
very accurately the value and sign of the residual 
etrces at the hole if the hole were not there by si- 
multaneous analysis of the no-load and pure bending 
photographs for each group of runs. This residual 
stress was in all cases tensile and lees than 0.4 
fringe order. However, it was impossible to accu- 
rately determine the net value of the residual stress 
at the hole boundary after machining stresses and 
time-edge effect had been superposed on this tensile 
field. 

But two salient facts permit a detour about this 
obstacle : 

(a) The no-load photographs indicate that the 
resultant residual stresses at the hole boundary 
are very nearly symmetrical about the horizontal 
axis. 

(b) stress theory and symmetry suggest that the 




TESTING EQUIPMENT DETAILS 



hole boundary stresses should be of the same 
magnitude (but different sign) at vertically 
opposite points. 

Henoe f resort to a rather oommonly used tool of the 
photoelaatio analyst is Justified here; namely, at 
any arbitrary vertical station the two values of 
fringe order may be averaged to obtain a value very 
close to the true value. This procedure was fol- 
lowed throughout. 

A minimum of nine stations was used for eaoh 
photograph. By symmetry and bending stress theory 
it is obvious that the two end stations must have a 
value of zero. Four stations, at least, were se- 
lected in the expected vicinity of the two pe&)c val- 
ues of stress concentration; these regions were either 
obvious from examination of the photograph or were 
oloeely predicted by the two theoretical solutions 
treated in thin paper. Fringe values unoorrected 
for residual stress were obtained either at inter- 
sections of isochromatios with the hole boundary or 
by extrapolation to the hole boundary of a curve of 
fringe order versus fringe position. 

The corrected value of the fringe order at the 
hole boundary is a measure of the tangential stress 
at that boundary since the iaochroniatio is, by defi- 
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nit ion, the looua of pointe representative of con- 
stant prinoipal stress difference, and the princi- 
pal streso nora&l to the free boundary at the bound- 
ary is zero. 



SU>0URY OF DATA AND CALCULATION 



1. Photoelaatlo analysis : 

(a) Table II presents loadings and resultant cheat? 
and moments subjected on the model at the various 
web depths . 

(b) Variation in moment aoross the hole was taken in- 
to aooount. 

(o) The value of the stress at a dist&noe “b* from 

the neutral axis ( OT ) vr.fl computed from the pri- 
mary bending stress formula. Application of the 
material fringe constant allowed conversion of 
this stress value to fringe order. 

(d) The results of the tensile test speoimen rune to 
determine the fringe constant are presented in 
Fig. ;axiv-3. 

2. Heller^ Analysis : 

(a) The values of r, a, and t used in Case I of Heller^ 

paper are for a curve closely approximating an ova- 

lold of aspect ratio 2.0 and, hence, are used in 
* 

his equation 31b. 

(b) Moment variation acrooo the hole was taken into ao- 
oount. 



♦ See pp. 51-56, Ref. (6) 
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,(c) The equation had to be modified for most of the 
runs, as indicated in the Sample Calculations. 

3. Secondary bending analysis ; 

(a) The curves of stress distribution predicted by 
secondary bending theory were extrapolated to 
zero at the hole ends - although the fora of the 
curve is questionable. It ia obvious that ap- 
plication of this theory to both upper and lower 
boundaries of the ovaloid will result in a net 
stress of zero at the neutral axis - but it is 
not possible to ascertain where the influence of 
one boundary application affects the other. 
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NOMENCLATURE 



Ovaloid major axis 
Ovaloid minor axis 

Ovaloid ecoentrio angle (Heller* a analysis) 
Web depth 

Web moment of inertia * 

Bending moment 
Applied loads 

Bending stress at web edge without ovaloid 

Bending stress at distance "b" from web 
neutral axis without ovaloid * _ Mb_ 

I 



ZC*f 

7 



K.c 

I 



Tangential stress at ovaloid boundary 
Web thick neaa 

Y 

Average shear stress « — " — 

2oT 

Shear force 

Ovaloid boundary position (absoisaae Figs. II-XXVIII) 




RUN 

0 

1 

3 

4 

5 

6 

9 

11 

12 

13 

14 

15 

16 

17 

18 

19 

21 

22 

24 

25 

26 

27 

29 

30 

31 

33 

34 

35 

36 

3Q 

39 

40 

41 

42 

44 



TABLE) II 
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\ 

( g ) 


P 2 

( # ) 


M 

o 

<1W] 


V 

1 ( it ) 


V 

M o 


c 

( " ) 


b 

0 










NO LOAD 


2.50 


.100 


42.69 


0 


1025 


40.94 


.0400 






42.69 


75.44 




686 


35.50 


.0517 






42.15 


123.25 




460 


82.85 


.180 






31.88 


128.25 




185 


98.13 


.531 






27.88 


128.25 




87 


102.13 


1.17 






26.19 


0 




620 


24.44 


.0394 


2.00 


.125 


33.19 


31.19 




488 


36.25 


.0742 






33.19 


67.09 




353 


66.25 


.188 






33.19 


97.69 




217 


96.62 


.445 






27.19 


128.19 




71 


102.62 


1.46 






29.19 ! 


128.19 




120 


100.62 


.837 






20.19 i 


128.19 




46 


103.62 


2.25 







NO LOAD 
NO LOAD 



1.50 .167 



15.19 


0 


361 


13.44 


0.0383 ! 


17.69 


37.69 


243 


21.75 


.0896 


18.69 


67.69 


178 


40.75 


.229 


19.69 


96.69 


27 


78.75 


2.92 


19.69 


91.69 


50 


73.75 


1.48 


19.69 


86.89 


72 


68.75 


.957 


7.19 


0 


150 


5.44 


.0349 


9.19 


18.19 


123 


10.75 


.0874 


10.19 


30.37 


93 


21.93 


.236 


11.19 


44.69 


53 


35.25 


.665 


11.19 


52.69 


18 


43.25 


2.41 


11.19 


4Q.69 


36 


39.25 


1.09 



1.00 



.250 



NO LOAD 



4.69 


0 


95 


I 2.94 


.0310 


.750 


.333 


6.69 


13 . 31 


84 


a. 37 


.0997 






6.69 


20.1© 


53 


15.25 


.288 






6.69 


27.19 


22 


1 22.25 


1.01 






6.09 


31.95 


1.2 27.00 


2.35 






6.69 


29.19 


13 


24.25 


1.87 












NO LOAD 


1 I 


1 



V =» P 1 - P g - 1.75 
Mq * 24.46 P 1 - 4.48 P f 



19.8 
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SAMPLE CALCULATIONS 



1. Photoelastlc Analysis : 

Fringe order corresponding torr « Si » (F.O. )v. 

XJ ° Fringe Constant b 



^3t a Corrected observed fringe order 
To (F.0.) b 



Run 


Station 


Fringe 

Order 


Fringe 

Upper 


Order 

Lower 


Positions 

Average 


G 

• O 

.°3 


<F.0.) b 


J£ 

To 


56 


.044 


-1.0 








-1.0* 


4.1 


-.24 




.100 


-1.0 








-1.0 


4.1 


-.24 




.170 


2.0 








2.0 


4.1 


.73 




.204 


3.0 








3.0 


4.1 


.49 




.235 


4.0 








4.0 


4.1 


.98 




.286 


5.0 








5.0 


4.1 


1.22 




.500 


5.0 


.38 


- 














6.0 


.49 


.40 














7.0 


.59 


.51 














8.0 


.68 


; .63 


See Figure XXXIV-C 






* 


9.0 


.77 


.73 














10.0 


.86 


.84 














11.0 


.95 


.95 




5.1 


4.1 


1.24 




.694 


5.0 








5.0 


4.1 


1.22 




.767 


4.0 








4.0 


4.1 


.98 




.003 


3.0 








3.0 


4.1 


.73 




.835 


2.0 








2.0 


4.1 


.49 




.915 


1.0 


.41 


.41 


.41 












1.0 


.51 


.41 


.46 












2.0 


.65 


.57 


.61 












3.0 


.79 


.69 


.74 












4.0 


.93 


.85 


.89 


See 


Figure XXXIV-C 






5.0 


1.11 


1.01 


1.06 












6.0 


1.29 


1.17 


1.23 












7.0 


1.47 


1.35 


1.41 












8.0 


1.65 


1.53 


1.58 


-1.2 


4.1 


- .29 



2a Hellers Analysis : 

Modification of Equation 51b of Appendix A-I for an ovaloid 
of aspect ratio of 2.0 gives: 

c ~CL 

4.508 sin £ + 15. SI "6 sin 2 g - 2.592 sin^ff - .195 aln 5^ 

02 * 2.800 - 1.743 cos 2 ft + T752 cos 4^? 



# A negative sign indicates a stress opposite in sign to that ex- 
pected for bending in the web without the hole. 
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For rune 1, 9, 19, 27, and 36 the origin of /9 ia aa in* 
dicated in Appendix A-I. For all other runs the origin 
ia as indicated below: 




Run 


Station 


(3 


M 

( in-lb8 ) 


V 

(lbs) 


S - .126 £ 
<r ' m 




36 


0.0 


0 




2.94 




0.0 




.131 


30 


95 






.00387 


-.192 




.175 


40 


95 






.00387 


.488 




. 282 


60 


95 






.00387 


1.28 




.500 


90 


95 






.00387 


1.30 




.718 


120 


95 






.00387 


1.19 




.825 


140 


95 






.00387 


.371 




.869 


150 


95 






.00387 


-.571 




1.00 


180 






r 




0.0 



3. Secondary Bending Analysis 



Hun 


Sta- 

tion 


M 

(ln-lba) 


4t 


<rt 


V' 

(lbs) 


4 






% 


36 


0.0 


95 


__ 


_ 


2. ( 


94 








j 


0.0 




.164 


90 


2.01 


277 






17.0 


50.0 


327 


.970 




.240 


95 


3.35 


318 






15.2 


44.7 


363 


1.08 




.306 


95 


3.55 


337 






12.0 


35.3 


372 


1.10 




.500 


95 


— 








— 




J 


1.00 




.694 


95 


3.65 


337 






12.0 


-36.3 


302 


.896 




.760 


95 


3.36 


318 






15.2 


-44.7 


273 


.810 




.836 


96 


2.91 


277 






17.0 


-50.0 


227 


.673 




1.00 


95 


— 


— 






— 


— 


— 


0.0 




pF*M<te OflDER 
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ORIGINAL DATA 

The original data is presented in the form of the pho- 
tographs of model laoohromatloe for all runs, (Figures 
XXXV-XXXIX. ) Refer to Table II, Appendix 0, for loadings 



FIGURE XXXV 




FIGURE 



XXXVI 



FIGURE XXXVII 




OKT 



FIGURE 



XXXVIII 






RUNS 27-35 
-.250 




figure XXXIX 




£-333 



RUNS 36-44 
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